Physics Department, Middle East Technical University, Ankara, Turkey (Received 9 March 1977) Stationary, axially-symmetric solutions of the gravitational field equations for vacuum, perfect fluid, and massless scalar field are considered. For the vacuum case, a similiar formulation to the one introduced by Ernst is presented by use of quarternions. Null dust solutions are found, and it is shown that they match with the van Stockum exterior solutions. An extension of the theorem by Eri § and Gurses is given which enables one to construct solutions to the gravitational field equations coupled with a charged dust and a massless scalar field from the solutions of the field equations coupled only with a charged dust.
INTRODUCTION
Stationary, axially-symmetric solutions of the vacuum and electrovacuum gravitational field equations have been extensively studied, and certain classes of solutions have been found. Some of these classes are the Lewis,l van Stockum, 2 Papapetrou,3 and TomimatsuSat0 4 solutions. The first three classes assume a functional relationship between the metric coefficients while the last one has been obtained by using computer logic. It is a three-parameter solution class with parameters describing deformation, mass, and angular momentum where the sum of the squares of the last two parameters is unity. Among all formulations of the vacuum and electrovacuum field equations, the Ernst' complexpotential formalism has certain advantages, one of these being generation of new vacuum and electrovacuum solutions from the old ones. Such a generation of solutions follows from the invariance of the Ernst equation under a bilinear transformation. Geroch 6 has shown that the same invariance exists in the vacuum field equations of any space-time having only a nonnull Killing vector.
In the second section of the this work we present a similar formulation of the va,cuum field equations to the one introduced by Ernst, by use of quaternionic potentials. In this formalism the Lewis and van Stockum classes of solutions follow immediately. We obtain a Tomimatsu-Sato type class where in this case the difference of the squares of the parameters corresponding to mass and rotation is unity. The field equations are invariant under a quaternionic bilinear transformation.
Construction of stationary, axially-symmetric interior solutions to the gravitational field equations is one of the most difficult problems in general relativity < The difficulty arises from the complexity of the field equations. Some approximate 7 and nonfluid 8 solutions have been found but unfortunately no exact rotating fluid solution exists which matches with the Kerr metric. In order to approach such a solution, one should start with simple systems, such as null and nonnull dust distributions, In the third section we study the interior gravitational field equations for the null-dust case and give a complete solution. We obtain the general relativistic form of the Euler equation for a null rotating perfect fluid Works on the solutions of the gravitational field equations coupled with a massless scalar field are quite recent and most of them have considered static 9 or conformally flat 10 ,l1 space-times. Recently,1 2 it was shown that it is possible to generate the axially-symmetric solutions of the field equations coupled with the electromagnetic and scalar fields from the EinsteinMaxwell solutions. In the fourth section, a generalization of this theorem to gravitational field equations coupled with charged dust and massless scalar field is given,
The components of the Ricci tensor in an orthonormal tetrad are given in the Appendix.
QUATERNIONIC POTENTIALS FOR VACUUM FIELD EQUATIONS
Gravitational field equations for vacuum are (see Appendix)
Once wand i/J are found the remaining metric coefficient y can be found by use of quadratures (A10) and (All). Defining a new function j
Eqs. (1) and (2) become
(4)
We now introduce a quaternionic potential £ such that
where e is one of the three quaternionic units with e 2 = 10 Similar to complex conjugation we define the quaternionic conjugation as
Functions j and ware, respectively, the scalar and
Copyright © 1977 American I nstitute of Physics vector parts of the quaternionic function 1:. Hence it is clear that Eqs. (4) and (5) are the scalar and vector parts of the following differential equation:
In terms of a new quaternionic function ~ defined by
Eq. (8) is written as Equation (10) can be obtained from the Lagrangian density
which is nothing but the Einstein Lagrantian density ~ R. This Lagrangian density is invariant under the bilinear transformation (12) where a, b, c, and d represent eight real constants of which only three are independent. The group of this three-parameter transformation is isomorphic to one of the well-known two-dimensional noncompact groups. Invariance of the Lagrangian density (11) under the transformations (12) leads to the generation of the new solutions of the vacuum field equations from the known solutions. Using the Ernst trick, one may also obtain solutions to the electrovacuum field equations.
The norm of a quaternion Q = Q s + eQu is defined as 
and a is an arbitrary real constanL The solutions (14), (15), and (16) are called LewiS, Lewis, and van Stockum classes,13 respectively, These classes of solutions are not eaSily seen in the Ernst complex potential formulation. On the other hand, the Papapetrou class can not be directly obtained in our formulation. The other wellknown class is the Tomimatsu-Sato solutions. These solutions are the twisting generalization of the Weyl static vacuum metrics. They have three parameters, o (distortion), p (mass), and q (twist) with p2 + q2 = 1.
We have a similar class of solutions with p2 _ q2 = 1. For example, in the oblate spheroidal coordinates
is one of the solutions of (10), corresponding to 0 = 1. One can also generate the NUT parameter using the invariance of (10) 
Equations (13) and (14) will be considered as the equations to determine the metric function y. Instead of (A 11) we take the following equation as one of the field equations which is nothing but the energy conservation equation (contracted Bianchi identity):
where p. =p + E. The p component of this equation is obtained through the addition of the derivatives of ( A 13) and (A14) with respect to z and p, respectively, while the z component is obtained by subtracting the derivatives of (AI3) and (AI4) with respect to p and z, respectively. It is obvious that when p = 0 (null-dust or noninteracting null gaseous), the field equations become much simpler. First we can use the coordinate condition (A12) and obtain the following relation between w and w by use of Eq, (22)
This relation enables us to integrate completely the quadratures for y given in (AI3) and (A141. The result of the integration is
Then the line element becomes
where 7j J satisfies
Hence for a given Source EU 2 , the metric in (25) with (26) defines the gravitational field of a noninteracting null dust (or simply the null electromagnetic field). When EU 2 is a constant, the solution of (26) may be reduced to one type of a Bessel function. These solutions may be matched exactly to the van Stockum exterior metrics Which are of the form given in Eq. (25) Recently13 it was shown that one can generate the solutions to the coupled Einstein-Maxwell massless scalar field equations from the known solutions of the Einstein-Maxwell equations. Here, we give an extension of the above theorem to the case when the source is a charged dust and a massless scalar field.
Theorem: Let </J, w,y,A o ,A 3 , and 11 be a solutions of the Einstein field equations coupled with an electromagnetic field, and a dust distribution, where A o and A3 are the nonzero components of the electromagnetic vector potential and 11 is the energy density of the dust distribution. Then </J, w, y + y<l>, Ao, A 3 , 11 exp(-2y<l» , and <I> form a solution to the Einstein field equations coupled with an electromagnetic field, a dust distribution, and a massless scalar field <I> , where and Using this theorem, one may obtain solutions to the gravitational field equations coupled to a null dust and a massless scalar field once a solution of Eqo (26) is given.
CONCLUDING REMARKS
We presented a quaternionic potential formulation of the stationary, axially-symmetric vacuum gravitational field equations and obtained a class of" TomimatsuSato" -like solutions which does not contain any algebraically special metrics.
We gave the complete solution of the stationary, axially-symmetric gravitational field equations coupled with a null dust or a null-electromagnetic field. For the case of the null-electromagnetic field, Fab = 2E1 /zun [albl' where lb is a unit spacelike vector which is orthogonal to nao 14 These solutions match with the van Stockum exterior solutions on a cylindrical boundary. We showed that the energy conservation or the contracted Bianchi identity is the integrability condition for the metric coefficient y. This is, in fact, true for any energy-momentum distribution.
We presented a theorem to produce the solutions of the gravitational field equations coupled to a charged dust and a massless scalar field from the solutions of the field equations coupled with a charged dust. In fact, it is possible to extend this theorem further for any covariantly conserved energy-momentum tensor Tg plus a massless scalar field when the condition (A12) is satisfied for stationary, axially-symmetric space-times.
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APPENDIX
The stationary, axially symmetric metric is given by
Choosing the basis 1-forms as 
where V, V " and V2 are the grad, the divergence, and the Laplace operators defined in flat space cylindrical coordinates, respectively. Throughout this work we consider the case (A12) which enables us to use the coordinate condition X=P. We will discuss the other possible case X = const in a later communication.
For the perfect fluid case R\ and Rll -R22 vanish; hence we have +i (A,pp-A,u) .
(A 14)
